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Abstract:

Let X be a random variable X with a probability density function f concentrated on
the unit interval (possibly after some one-to-one transformation). Consider a general
setting where X has random digits X, Xs,... € S with respect to a given sequence of
nested partitions of the unit interval and where S is a given countable set for the values

of the digits. One example is the base-¢ number representation
X=> X (1)
i=1

where ¢ > 2 is an integer, S = {0,1,...,¢ — 1}, and at level n € N, the n-th partition
consists of ¢" non-overlapping intervals of equal length ¢~ (here N is the set of natural

numbers). Another example is the infinite continued fraction number representation
X=1/(X1+ (1/X3+...) (2)

where S = N, at the first level the partition consists of intervals with endpoints 1/z4

where 1 € N, at the second level the partition consists of intervals with endpoints
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1/(x1 + 1/x9) where z1, 29 € N, and so on. It is well-known that the finite continued
fraction given by the n-first digits Xi,...,X,, provides a fast approximation of X as
n — oo. It is also well-known that with probability one the digits in (1) and (2) are
uniquely determined by X.

In general, assuming the weak condition that f is lower semi-continuous (Lebesgue
almost everywhere), there is a coupling construction of X with a non-negative integer

valued random variable N so that the following is true: Considering a statistical model

of f and imaging we could observe the missing data N, then (X7, ..., Xy) is a sufficient
statistic (see Theorem 1 in [6]). Thus, statistical inference can be based on (X7, ..., Xy)
only.

In the talk I introduce two very flexible ways of constructing statistical models using

a certain stochastic process
Y = {3/3517__.7%._1 |{L‘1,...,[Ej_1 c S,j = 1,2,}

which like N is a latent variable and where the Y, . ., are independent. We as-

i1
sume that a sampled Z(1), ... Z(™ conditioned on (N,Y) are independent copies of
X | (N,Y). In addition, a prior distribution of (Y, N) is imposed such that N and Y
are independent. The posterior distribution of (Y, N) given (ZM), ..., Z(™) is of our
interest. This is specified by the prior together with the independent conditional distri-
butions Z® | (N,Y) ~ X |(N,Y) for i = 1,...,m, where in turn Z@ | (N,Y) is given
successively for j = 1,..., N by the conditional distribution of the j-th digit Z ](.i) of Z()
given its previous j — 1 digits (Zfi), ce Z](»i_)l) and given (Y, N). For this conditional
distribution we assume that it only depends on YZY),. N ’ZJ@I:
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The first model construction of (3) is introduced in [1] and relates to the base-q



case as well as a more general setting: For instance, in the binary case ¢ = 2 but with

intervals of not necessarily equal lengths at each level (we may even allow these lengths
(i)

to be random), let YZ@) 7 specify the random probability that Z ;= 0 and assume
Torrori-l . .
YZY),. 29, follows a beta-distribution whose parameters may depend on ZI(Z), ce Zj@l.

Thus, we obtain a finite Polya tree distribution [4, 5] for the N first digits of Z().
The second model construction of (3) is introduced in [2] and relates to continued
fractions: Let Y, @ be the random probability mass function of Z ® 'Y ) W
AR ACN i 1207,

where Y ) is specified by a Dirichlet process on N [3]. The base distribution
1
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and shape parameter of the Dirichlet process are allowed to depend on Zf’), A j(l_)l

I conclude with an overview of appealing theoretical results for Bayesian inference
(prior conjugacy, posterior simulation, consistency results, etc.) together with simula-

tion studies and empirical illustrations.
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