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1. Theory

The Brillouin integrals in question are of the form of (1), where the 

integrand consists of matrix elements and energy eigenvalues. 

These can be acquired by various means, e.g. ab initio calculations 

or through the empirical pseudopotential method.

𝐼 𝜔 = 𝐴׬ 𝒌 𝛿 ෨𝐸 − 𝛼ℏ𝜔 𝑑3𝑘 (1)

By linearly interpolating the integrand 

between the tetrahedron vertices,

the volume integral can be restated

as an integral over energy surfaces

of constant value within

each tetrahedron.
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Solving the integral would then yield analytic expressions, only 

dependent on the function A(k) and the energy differences in the 

corners of the microcell. Hence the overall integral may be 

approximated as the sum of the analytic results over each microcell, 

hence yielding an easily implementable approach for reducing the 

number of k-points. This method is also known as the Linear Analytic 

Tetrahedron Method (LATM), and its applicability to nonlinear optical 

responses was tested. 

2. LATM applied to SHG
To test the LATM the Second 

Harmonic Generation (SHG) 

was calculated for zinc blende 

crystals. This was then 

compared with a calculation 

using simple point sampling. 

The SHG response can be 

calculated as shown in  eq. (3) 

to (5).
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In figure 2 it can be seen that 

there is a high level of 

agreement between the two 

methods for a large number of 

points. Figure 3 shows the 

convergence. It was proposed  

that the poor convergence is 

explained due to double 

resonances and that for a few 

eV good convergence should 

be seen. This is confirmed in 

Figure 4.

3. Calculation of Piezoelectric 

coefficients

4. Conclusion
The LATM was shown to be able to calculate the SHG response of 

zinc blende crystals. The convergence of the method in the high 

frequency range was questionable as numerical noise seemed to 

persist even for a dense grid. It did however converge much faster 

for the low frequencies. It was shown that DFT calculations could 

successfully calculate the piezoelectric response of GaN.
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The piezoelectric coefficients describe how a polarisation is induced 

when a strain is applied can be described by eq. (6) 
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𝜕𝜖𝑗
. (6)

To find these coefficients, one can consider a small applied strain 

along the c-axis which would in turn induce a polarisation along the c-

axis described by (7). 
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By some different expansions, the piezoelectric coefficient is obtained 

as (8), where similar expressions can be found for the other 

coefficients. To calculate the polarisation, Berry phase theory is 

employed. In this framework the polarisation is expressed as 
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